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Abstract. This paper is a study of harmonic mappings defined on 
^ , smooth metric measure spaces. We prove some of the classical results of 

■ Eells-Sampson [ES64) and Schoen-Yau |SY76j . in this setting. We also 

prove a compactness theorem for a sequence of harmonic maps which 
are defined on a converging sequence of Riemannian manifolds. 



1. Introduction 

A smooth metric measure space is a triple {M , g , ^ dvol) , where {M,g) 
is an n-dimensional Riemannian manifold, dvol denotes the corresponding 
Riemannian volume element on M, and is a smooth positive function 
on M. These spaces have been studied extensively in geometric analysis 
and they arise as smooth collapsed measured Gromov-Hausdorff limits in 
the work s of Ch eeger-Colding |CC97l[UU00allCC00bj . F ukaya [^ k89] and 
Gromov |Gro07j . They have been studied recently by |Mor05| . See also 
|Lotn3l [Qia97l IFLZnQl IWWnm \WulO\ [SZTTj IMWTT] . 

Harmonic maps are critical points of the energy functional defined on the 
space of maps between Riemannian manifolds. Their theory was developed 
by J. Eells and H. Sampson |ES64] in the 1960s. In |ES64j . it was proved 
that if is a compact manifold with non-positive sectional curvature, any 
continuous map from a compact manifold into N is homotopic to a harmonic 
map. Eells and Sampson also proved that every harmonic map from a com- 
pact manifold with positive Ricci curvature to a negatively curved manifold 
is constant. In |SY76| . Schoen and Yau improved this and proved that if 
M is a complete manifold with non-negative Ricci curvature and is a 
compact manifold with non-positive curvature then any smooth map from 
M to with finite energy is homotopic to constant on each compact set. 

In this paper, we are going to study the behavior of harmonic maps un- 
der convergence. Let Ai{n,D) denote the set of all compact Riemannian 
manifolds M such that dim(M) = n, diam(M) < D, and the sectional 
curvature Rm | satisfies, | Rm I < Ij equipped with the measured Gromov- 
Hausdorff topology. Let (Mj, i^j, dvolj) in ^A{n,D) be a sequence of man- 
ifolds which converge to a smooth metric measure space (M, (7, $ dvolj\/). 
Suppose fi : {Mi,gi) — )• {N,h) is a sequence of harmonic maps. We are 
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interested to know under what circumstances the fi converge to a harmonic 
map / on the smooth metric measure space (M, (7, 

As a first step, we specify what we mean by harmonicity on smooth metric 
measure spaces. Let f : M ^ N he a smooth map where (A^, h) is a 
Riemannian manifold. We say that / is harmonic on {M,g, $) if it satisfies 



where r(/) denotes the tension field of the map / defined in Subsection l2.11 
We will later show that the stationary points of the energy functional 



are solutions to equation ([T]). Here e(/) = ^jd/P is the energy density of 
/. Riemannian submersions on smooth metric measure spaces with minimal 
fibers are examples of harmonic maps in this setting. 

We will prove the analogues of the classical results mentioned earlier for 
harmonic maps in this setting. As a replacement for the Ricci curvature, 
we use the Bakry-Emery Ricci tensor which first showed up in the study of 
diffusion processes. Specifically this tensor is defined as 

Ricoo = Ric — Hess(ln $). 

Geometric, topological and analytical properties of smooth metric measure 
spaces with Bakry-Emery Ricci tensor bounded below have been subject to 
intensive study. See for example |Lot03j . |WW09j and the references therein. 
We have the following theorems: 

Theorem 1.1. Let {M,g,^) be a compact smooth metric-measure space 
with non-negative Bakry-Emery Ricci curvature, N a manifold with non- 
positive sectional curvature, and f : M N a harmonic map. Then f is a 
totally geodesic map. 

Theorem 1.2. For every smooth map f : {M,g,^) — )■ {N,h), where M is 
a compact manifold and N is a negatively curved compact manifold, there is 
a harmonic map homotopic to f. 

Theorem 1.3. Let {M,g, be a complete non-compact smooth metric mea- 
sure space with $ bounded, and non-negative Bakry-Emery Ricci curvature, 
N a manifold with non-positive sectional curvature, and f : M N a 
harmonic map of finite energy, E^[f) < 00. Then f is a constant map. 

We now state our main result of this paper, which is a compactness the- 
orem for sequences of harmonic maps. 

Theorem 1.4. Let {Mi,gi) be a sequence of manifolds in Ai{n,D) which 
converges to a metric measure space {X, g,^fig) in the measured Gromov- 
Hausdorff Topology. Suppose {N, h) a compact Riemannian manifold. Let 
fi : {Mi,gi) {N, h) be a sequence of harmonic maps such that \\egi{fi)\\L°° < 
C , where \\eg^{fi)\\L°° is the L°°-norm of the energy density of the map fi and 



r(/) + 4f(Vlnci>) = 0, 
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C is a constant independent of i. Then fi has a subsequence which converges 
to a map f : {X,g,^ ■ fig) {N,h), belonging to 7i\{X,^fig), N). 

Here by Ti^lXjN) we mean 

{/ € ■H\X,R'') I f{x) E N for almost all x € A/}, 

where T-l^{M,W^) is the standard Sobolev space for some isometric embed- 
ding of N in M'J. In this paper we use the notations and W^''^ inter- 
changeably. 

Recently it came to our attention that Wang and Xu have also indepen- 
dently worked on harmonic maps on smooth metric measure spaces. They 
also obtained our theorems 1 1 . 1 1 and 1 1 . 3 1 see |WX12] . 

The rest of this paper is organized as follows. The second Section is di- 
vided into 3 sections. In Subsection 12. 11 we define the notion of harmonicity 
on metric measure spaces, and justify the definition by comparing it with 
pre-existing definitions and results in special cases. In Subsection 12.21 we 
study the mean curvature of isometric immersions into a metric measure 
space using our definition of harmonicity, and show that this notion coin- 
cides with the one introduced in |WW09j and [MorOSj . Subsection 12.31 is 
devoted to examples of harmonic maps. The second Section is where we 
prove a Bochner type formula for harmonic maps on smooth metric mea- 
sure spaces. This formula is the main ingredient in the first three theorems, 
which are also proved in Section [3l In the fourth Section we prove Theorem 
11.41 The proof is based on an explicit description of the limit space X as a 
quotient of a Riemannian manifold by some action of an orthogonal group 
obtained by Fukaya |Fuk88[ IFuk89j . The proof of Theorem 11.21 is provided 
in the appendix (Section [5]), as it is very similar to the classical proof. 
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2. Harmonic Maps on Smooth Metric Measure Spaces 

2.1. Definition. In this subsection we justify our definition of harmonic- 
ity on smooth metric measure spaces by showing that harmonic maps are 
critical points of the energy functional. We first recall the definition of har- 
monic map. Let / : (M, (7, $) — )• be a smooth map where (M, is 
an n-dimensional smooth metric measure space and (A, h) is a Riemannian 
manifold. Let {cj}"^]^ denote a local orthonormal frame field on M. The 
energy density of / is defined 

n 

e{f) = ^\df\' = -Y.{Mei),Me,)) 
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and the energy functional E{f) with respect to the measure $ dvol is defined 
E{f) = EM= [ eif) <i>dvol. 

Its tension field t(/) is the trace of second fundamental form of / 

r(/) = (Ve,d/)(ei). 

We say that a map / is harmonic on (M, g, ^) if it satisfies 

r(/) + 4f(Vlnci>) = 0. (2) 

Proposition 2.1. T/ie map / is harmonic if and only if for every compactly 
supported smooth variation ft of f, such that /q = /, we have ^|^_Q-E'(/t) = 
0. 

Proof. If ft is a smooth variation of /, then in local coordinates we have 

f/3 



and so 

d 
di 



E(/,) = i/ 9'".«^V,. l-dvol (3) 



2 /5^^^«/3V.y"^$dvol 



(VF, d/) $ dvol 



_ 1 
~ 2 

where y is the variation vector of ft- We have V G T(f~^TN) and G 
r(rM* (g) f-^TN) and d/ G r(rM* (g) f-^TN). Here r(£;) for a vector 
bundle E over M denotes the infinite dimensional vector space consisting of 
all sections of E. Equation ([3]) is called first variation formula. We define a 
vector X on M as 

X = g^^h^pV^ ^ 



dx'- dx^ 

If we calculate the div(X) = ViX\ here VX = J2 ViX^dx' (g)-£j,we have 

diviX) = {VV,df) + {V,Tif)) 
since ft has compact support on M, so does X. By using Green's formula 

j div(^>X) dvol = j $ • div(X) + (V$,X) dvol = 

and so 

J {S/V,df) ^'dvol + J {V,T{f)) ^'dvol + J {V^,X) dvol = 0. 
We can easily show 

(v<^,x) = (y,d/(v$)) 
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By using the variation formula ([3]), we have 




□ 



2.2. Minimal Immersion in Smooth Metric Measure Spaces. We 

begin first by definition of minimal immersions in smooth metric measure 
spaces. 

Definition 2.2. Let {AI,'g,(j)) be a smooth metric measure space. Suppose 
{M, g) is a Riemannian manifold and f : M ^ M be an immersion with 
mean curvature vector H. We define 



where (Vln<I>) denotes the normal part o/ Vln<I> to the tangent space on 
f{M). We call H$ the ^-mean curvature vector of M in the smooth metric 
measure space (AI,^). The immersion f is called minimal i/H$ = 0. 

To justify our definition of minimality we prove a variation formula as in 
classical literature. Let vol$ denotes the volume with respect to the measure 
$ dvolj^. Consider I{M, M), the space of all immersions f : M M. Then 
vol<i>(/(M)), is a functional on this space. The critical points of the volume 
functional are minimal submanifolds by the following proposition. 

Proposition 2.3. Let M and M be as in definition above and f : M ^ M 
be an isometric immersion with mean curvature vector H. Let ft, \t\ < e, 
fo = ff}^CL smooth family of immersion satisfying ft\dM = f\dM o-'^d denote 
V = ^if\t=o to be the variational vector field along f . Then 



Proof. Suppose gt to be the induced metric of the immersion ft and dvolt 
its corresponding volume element. Choose a local orthonormal frame field 
ei,...,en in M with respect to metric g^. In this coordinate, gijit) = 
{ft*ei,ft*ej) and g{t) = det{gij{t)). Thus we have 



H$ = H (Vln$) 



n 



— I 





We have 
— I 



Yoh(.ft{M)) = l [ g\0) $dvol 



JM 



M + 



JM 
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and so 

d 1 " 

J^\t=o'^''''^t = ^J^a'kkiO) dvol. 

k=l 

After some calculation ( |Xin03j Theorem 1.2.2), we find 
1 " 

-J29kkiO) = div{V'')-{nB,V), 



2 

k=l 



and finally. 

d 
di 



t=n vol$(/t (M)) = / div(y^) - (n H, V) $ dvoU/ + / (V In V) $ dvoUf 

= [ div($-T/^) dvol- / (V$,y^) dvolM- / (nH,y)$dvolM 
Jm Jm Jm 

+ / (Vln$,y) $dvolM 

= / (Vln$,y^) - (nH,y) $dvolM 

= / ((Vln^>)^ -nH,y) ^>dvolM- 
Jm 



□ 

The calculations show that this notion of mean curvature of an isometric 
embedding into a metric measure space is consistent with the one introduced 
in jWW09j for geodesic spheres and with the one in |Mor05j for hypersur- 
faces. 

2.3. Examples of Harmonic Maps. 1. Weighted curves: A map u : 
(M, ^) ^ N is harmonic if it satisfies 

V,i^> • It = 0. 

In fact every solution of the equation above is reparametrization of a geodesic 
in the manifold {N,h), u{t) = 7(/>(t)), where p'{t) = c^|^, and c is an 
arbitrary constant. 

2. Riemannian Submersions: Let u : (M, g, $) — > (N, h) be a Riemannian 
submersion. Then a necessary and sufficient condition for u to be a harmonic 
map is that the fibers be minimal as Riemannian submanifolds of (M, g, 
We choose a point x in M and an orthonormal frame {e^}"^^ around u{x). 
Denote by {ei}'^^^ its horizontal lift at point x. We extend {cj} to the 
orthonormal basis {ei, . . . , e„, e^+i, . . . , em} at x. u is harmonic if and only 
if 

t{u) + du{S/ In = 

m 

^('Ve,tiu(ei) - du{Ve,ei)) + du{V In = 0. 

i=l 
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Name 'V the induced connection on A^. Also for 1 < i < n we have 

'Ve,du{ei) = du{Vei(ii). 
For 71 + 1 < i < m, we have 'V eidu{ei) = 0. Finahy we have 

m 

-du{ ^ Ve^ej) + du{V In = 0, 

i=n+l 

and so 

771 

j=n+l 

where is tangent to the fiber u~^{u{x)). This means that u is a harmonic 
map if and only if its fibers are minimal submanifolds in {M,g, ^>). 



3. Co-differential and Bochner's Formula 

In this section we are going to prove a Bochner formula for harmonic 
maps. First we set in place some definitions. Let £^ be a Riemannian vector 
bundle over the Riemannian manifold (M, g) and <I> dvol denote the density 
on M. For u, v in V{k^TM* ® E) and B in r(AP+irM* E), we define the 
following inner products 



{uj\v') = J (aj,z>) dvol 
(w I u)^ = J {u},!^) $dvol. 



We define the exterior differential and co-differential of a form cj on M as 
follow, 

dco{Xo,Xi,...,Xp) = (-l)^'(Vx,^)(Xo,...,Xfc,...,Xp) 
6uj{Xi, . . . ,Xp_i) = (Ve,a;)(ei,Xi, . . . 

where {ej} is a local orthonormal frame filed on M and 

(Vxa;)(Xi, ...,Xp) = Vx(^(Xi, ...,Xp))- . . . , Xj, . . . , Xp) 

Now let us compute the formal adjoint of d, 5, with respect to inner product 
(• I •)$. We know on a compact manifold M (without boundary), d and —6 
are adjoint. 

{duj \e) = {uj\ - 56) 
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here oj € r(APrM* O E) and 9 G T{M+^TM* ® E). We have 
{du \e)^ = [ {du;,<^- 9) dvol 



j {uj, -6{<^ ■ 9)) dvol 

j{oj, -id^Ci) ■ ie,9 + $ • 59)) dvol 



= (cj I - (dln$(ei) -Ze; +5)0)$. 

We put 

Therefore we can introduce a new notion of the Laplace-Beltrami operator 
A as 

A = d5 + 5d 

= A + (d O ivin$ + iyincj O (i). 

where IS. = d5 + 5d. It is easy to show that on a compact manifold, A is a 
self-adjoint semi-negative elliptic operator. 

Lemma 3.1. A map f : {M,g,^) —^Nis harmonic on {M,g,^) if and 
only if df is co-dosed. (5df = 0) 

Proof. 

5{df) = {V,^df){e,) = T{f) 

and 

Idf = df{V\n^)+T{f)=^ 

□ 

To obtain our Bochner type formula we use a Weitzenbock formula on a 
Riemannain manifold which we represent in the following proposition (see 
[Xin96j Proposition 1.3.4). 

Proposition 3.2. Let uj be a p-form with values in a vector bundle. Then 

Auj = V'^uj - S (4) 
where denotes the trace-Laplace operator 

where Ve^ej = and for any Xi, . . . , Xp in T{TM) 

X2, ...,Xp) = {-l)'{R{ei,Xk)io){ei,X^,. . . , X^, . . . , Xp) 
here R denotes the curvature connection. 

For a given smooth map /, / : M — )■ A^, we have 

S(X) = - R^(/.e„ f,X)f,ei + /.(Ric*^ X) 
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Proposition 3.3. Let f : {M,g,^) N be a harmonic map, then the 
following formula is satisfied 

Ae{f) = - (R^(/*(e,),/*(ej))/*e„/,e,) + {f^mc^e,), f^e,) (5) 

Proof If we put uj = df e r{TM* f^^TN) in formula @ we have 

Ae(/) = Ae(/) + iT o d e(/) 

= {V^df,df) + \B{f)\^ + iTodeU) 
= {Adf + S,df) + \B{f)\' + iTode{f) 

The first equality comes from Ae(/) = {V'^df,df) + \B{f)\'^, so 

Ae(/) = {Adf-{doiT + iTod)df,df) 
+ \B{f)\' + iTode{f) 

- {R^ if*iei), f^{ej))f^ei, f^ej) + {f:,Ric'^^eiJ^ei) 

Since / is harmonic then Ad/ = and [ix o d)df = 0, and therefore 

Ae(/) = {-doiTdf,df) 

+ \B{f)\' + iTode{f) ^ 

- (R^(/*(ej),/*(ej))/*ei,/*ej) + (/*(Ricooej), /*ej) 
+ (/*(Hess(ln$)(ei)),/*e,). 

We have 

{-{doiT)df,df) = -h{{doiTdf){ei),df{ei)) = -h{VeMiT)),df{e,)) 

here h denotes the inner product on A^. 

(/*(Hess(ln^.)(ei)),/*ei) = /i(d/(Ve, V In $), (i/(ei)) 

= h{df{V,T),df{e,)) 

-h{S/eMiT)),df{e,)) = -h{df{S/er),df{e,))-h{{Ve,df)T,df{e,)) 

= -h{df{VeJ),df{ei)) - h{{VTdf)e,, df{e,)) 
= -h{df{VeJ),dfiei)) - {Vrdf, df) 

= -h{df{VeJ),df{ei)) - \T-{df,df) + ^{VTK)idf,df) 

= -h{df{VeT),df{ei))-iTode{f) 

where K is the metric on TM* ® f~^TN and the connection V is compatible 
with metric K: VtK = 0. Moreover, ir o d e{f) = ■ {df,df). Finally 
we get the Bochner-type formula ([5]) for harmonic maps on metric measure 
spaces: 

Ae(/) = \B{f)\^ - (R^(/*(e,),/*(e,))/*ei,/,e,) + (^(Rkoce^), /*e,) (6) 

□ 
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Proof of Theorem 11.11 

Here we state again the theorem. 

Theorem 3.4. Let (M, (7, $) be a compact smooth metric-measure space 
with non-negative Bakry-Emery Ricci curvature, {N, h) a Riemannian man- 
ifold with non-positive sectional curvature and f : M ^ N a harmonic map. 
Then f is a totally geodesic map. Furthermore, 

(a) If the Bakry-Emery Ricci curvature of the domain manifold M is 
positive somewhere, then f is a constant map. 

(b) If the sectional curvature of the target manifold N is negative then f 
is either a constant map or f{M) is a closed geodesic in N . 

Proof. We integrate formula ([5]) on M with respect to the measure ^-dvolM, 
to get 

-/ $dvoI= / -(R^(/,(e,),/*(e,))/*e„/.e,) + (/.(RiSooei),/*ei) $dvol 

Jm jm 

The right hand side of the equality is positive and the left hand side is 

negative so we have 

|S(/)l'^0 

therefore / is totally geodesic. 

(a) From the above we also have 

-(R^(/*(ei),/*(ej))/*ei,/*ej) + (/*(Ric^ei), /*ei) = 

Suppose that the Bakry-Emery Ricci curvature is positive at some point x. 
Choose a local frame field {cj} at point x which coincides with the principle 

direction of Ricoo (Ricoo is symmetric). We have Ricoo(ei) = AjCj and Aj > 
for each i at point x. 

(/*(RiCoo(ei)),/*(ei)) = Xi{f*{ei), f*{ei)) 

and we have 

minAi|d/|2<A,(/,(ei),/*(ei))=0 

so = at point x. On the other hand A is an elliptic operator. So 
according to the maximum principle e(/) must be constant and so / is a 
constant map. 

(b) Note that we have 

- {R''{f*{e^),f*{e,))f.ei,f.ej) = (7) 

Here, there is no summation over the indices i and j. If there exists a 
point X such that at least two vectors /*ei and /*e2 among /*ei, are linearly 
independent at x, then when the sectional curvature of is negative, 

(R^(/,(ei),/,(e2))/*ei,/,e2) <0 
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This contradicts ([7|). Hence the rank of / is at most one. If the rank of / is 
zero at one point, then from the above discussion e(/) is constant and the 
rank is zero everywhere. Otherwise the rank of / is equal to one everywhere 
and /(M) is a closed geodesic in N. □ 

Proof of Theorem 11.21 

To prove the existence result, we follow the heat flow method for deforming 
a given map to a harmonic map. In the original case when $ = 1, as in 
|Nis02j ■ for the given map / : {M,g) — )■ {N,h), the following initial value 
problem of the parabolic equation for harmonic maps is considered, 

r t) = t{u{x, t)) (x, t)eMx (0, T) 

\ u{x,0) = f{x) 

the solution is called the local time dependent solution. It is proved that the 
above equation has solution on M x (0, oo) and thus there is a subsequence 
ti such that u{-, ti) converges to a harmonic map u{x, oo) which is homotopic 
to /. Now if we consider the smooth metric measure space (M, $) and 
the initial value /, we should solve 

r =r(n(x,t))+dn(Vln(cI>)) (x, t) € M x (0, T) , . 

\ n(rE,0) = /(x). 

Since M is compact, we still have a nonlinear parabolic equation with the 
same nonlinearity part. If we follow the same procedure as in |Nis02j . we 
will see there is not much changes in the proof. We will leave the proof 
to the Section Appendix. There we explain very briefly why each step in 
original proof works in our case. 
Proof of Theorem 11.31 

By Bochner formula we have 

Ae(/) > \B{f)\^ 
and by Schwarz inequality we have 

|Ve(/)p<2e(/)|S(/)p. 
From the equations above we conclude 

aV<7) >o 

or 

f (Vye(7),Vr/) $dvol < 
Jm 

for any r] € Cq^{M). This means that ^J e(/) is <I>-subharmonic. By use of 
the following lemma we have s/ e{f) is constant. According to Theorem 1.3 
in [WW09j M has at least linear volume growth and so e(/) = on M. 
Therefore / is a constant map. 
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Lemma 3.5. Let h be a non-negative smooth ^-subharmonic function on 
M. Then Jj^^ ■ dvol = oo for p > 1, unless h is a constant function. 

By Stokes formula for complete manifold (see Lemma 1 in |Yau82j ) . one 
can prove every <I>-subharmonic function h with Jjyj \dh\ <l>dvol < oo is 
$-harmonic. Then it is enough to repeat the argument in Theorem 3 in 
|Yau82| . this time for $-subharmonic function and A to prove the lemma. 

Remark 1 . Theorem \1.3\ is still true if we choose the function $ such that 
(f) = —\n^ is a convex function and the set of its critical points is unbounded 
(see Theorem 3.5 in |WWn9j ). 

4. Harmonic Maps and Convergence 

In this section we are going to prove Theorem ll.4[ Let (Afj, gi) in Ai{n, D) 
be a sequence of manifolds which converge to a metric space X. According 
to Pukaya |Fuk88j . X is a quotient space y/0(n), where y is a smooth man- 
ifold. Indeed Y is the limit point of the sequence of frame bundles, F(Mi), 
over the manifolds Mi and X has the structure of a Riemannian polyhedron 
{Xjgxj^xfJ-g) where fj,g is the Riemannian volume element related to the 
metric gx on X and {gx, ^x) is a (7^'"-regular (simplexwise) pair. 

We will do the proof of Theorem 11.41 in three cases: First we will prove 
it when the sequence {Mi,gi) converges in Ai{n, D,v). M.(n, D,v) denotes 
the set of manifolds in A4{n,D), with volume > v. In the second case we 
allow the sequence to collapse to a lower dimensional manifold. At last we 
will explain the proof when the limit is not manifold. 

When a sequence of manifolds converges in M(n,D) to a manifold, they 
form a fiber bundle over the limit manifold. As a main step in the proof, 
we show that the /jS are almost constant on the fibers. For this, we were 
inspired by Theorem 0.4 in Fukaya |Fuk89| . 

When the limit point is not a Riemannian manifold, as we explained above, 
it can be written as Y/0{n) where 1" is a Riemannian manifold. A map 
(j) : Y/0{n) — 7- is harmonic iff (/> = o tt is, where tt : y — )• Y/0{n) is the 
projection map (see [EFOlj ). We will use this fact to complete the proof in 
this case. 

For future reference and to clarify our notations in the proof, we explain 
the meaning of a weakly harmonic map on a metric measure space. We also 
define what we mean by a converging sequence of maps. 

Let {N, h) be the same as in Theorem ll.4l and i be the isometric embedding 
i : N ^ and -kn be the projection -kx : M"? — >• A". We denote i o f the 
same as / unless we need to separate them. A map / : {M,g, $) — >■ {N, h), 
belonging to 7ij^^{{M, <I> dvol), A^) is a weakly harmonic map iff 



A/ - U{f){df,df) + d/(Vln($)) = in the weak sense 
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Here 

n(/)(4f,d/) = Hess(7r^)(V/,V/) (9) 
= sa--^!^^^ (10) 

is the second fundamental form of the isometric embedding i, B{i){S/ V/). 

According to |EF01j . on an admissible Riemannian polyhedron X, a con- 
tinuous weakly harmonic map u : {X, g, ^g) {N, h) is of class 'H]^^{X, N) = 
^loc ^^'^ satisfies: For any chart ij : V ^ on N and any open set 

U C u~^{V) of compact closure in X, the equation 

[ (VA, Vu'') dfig = [ A(r^. o n)(Vn", Vn^) dfig (11) 
Ju Ju 

holds for every k = l,...,n and every bounded function A G UKU). 
Here F^^ denotes the Christoffel symbols on A^. Similarly on a polyhe- 
dron X with a measure a continuous weakly harmonic map is a map in 
T-Llg^{{X,^fig), N) which satisfies equation ([TT]) with <I>^g in place of fj,g. 



Lemma 4.1 (Convergence of maps [RonlOj ). Let {Xi,pi), {X,p), {Yi,qi) 
and (Y,q) be pointed metric spaces, such that {Xi,pi) converges to {X,p) 
in the pointed Gromov-Hausdorff topology (resp. {Yi,qi) converges to (y,q)) 
and let fi : {Xi,pi) {Yi,qi) he a continuous map. 

(i) If fiS are equicontinuous, then there is uniform continuous map f : 
{X,p) — 7> {Y,q) and a subsequence Xi^ such that if € Xi^ and Xi^ con- 
verges to X, then fi^{xi^.) converges to f{x). If this happens we say fi — )■ /. 

(ii) If fiS are isometrics, then the limit map f : {X,p) — )■ {Y,q) is also an 
isometry. 

Now we are ready to start the proof of Theorem 11.41 



Case 1. Mi Converge to M in M.{n,D,v). 

To go through the proof in this case, we consider first the situation when a 
sequence of metrics gi on a manifold M, converges to a metric g. 

Lemma 4.2. Let gi he a sequence of metrics on smooth Riemannian mani- 
fold M and {M,gi) converge to {M,g) in M.{n, D,v). Suppose fi'.M^N 
is sequence of maps such that 

where C is a constant independent ofi. Then there exist a suhsequence of fi 
which converges weakly to some f in T-Lg{M, N). In addition, if the fiS are 
weakly harmonic maps in T-Lg.{AI,N), then f is also weakly harmonic map 
inrL]{M,N). 
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Proof. Since converges to g in A4{n, D, v) in C^'" topology (see [Kas89] ). 
it is easy to check that 

\Eg^{h)-Eg{h)\<o{u). 

So fi is a sequence with bounded energy and therefore a subsequence of fi 
weakly converge to some / in 'Hg{M, N) (/jS form a sequentially compact 
set). Now to prove that / is also weakly harmonic, we have to show / 
satisfies Euler-Lagrange equation for harmonic maps, equation ([9]). To do 
this we have to verify that for any t] in C°°(M) we have 

/ ((A/-n(/)(#,d/)),7?) dvol, = 

Since fi converges weakly to / in T-O-^M^N) and gi converges to g in C"*^'"- 
topology, we have 

/ (A/, 7?) dvolg = / {df,dl^) dvolg 
JM JM 

= lim / {dfi^drfj dvol^. 



lim / {Afi,r]) dvol^. 



Also for the same reason, we have 



(n(/)(d/,d/),r?) dvol3= lim / {IiUi){dfi,dfi),r,) dvol,, 
M JM 



and 

/ ((A/-n(/)((i/,d/)),r/) dvol, = lim / ((A/, - n(/,)(#„ d/.)) , r/) dvol^, 
Jm Jm 

= 0. 

□ 

When Mi converges to M in M{n,D,v)^ we know that there is a C^''^- 
diffeomorphism : M„ — > M, such that the push forward of (f)n*{gn) of the 
metrics gn on M„ converges to the metric g (see |Kas89| ). Since the map 
$n : {Mn,gn) (M, (/)„^ (fl'n)) is an isometry 

EgrXfn) = E^,^^{gn){fn) (12) 

where /„ is the map /„ o 4>'^^. For each variation Fn{x,t) of /„, we can 
push- forward it to M to have Fn{x,t) and we have the same equality as 
(jl2p . for these maps. In fact to define a weak harmonic map we do not need 
more than "H^-regularity of the variation and C^-regularity of the metric. 
So if fn is an energy minimizing map, the same is true for and we can 
conclude that fn '■ {M (j)n*{gn)) i^^jh) is weakly harmonic. Again from 
(fT2]l . we have E^^^(^g^-^{fn) is uniformly bounded. So all the assumptions of 
Lemma 14.21 are satisfied here and the proof of Theorem 11.41 in this case is 
complete. 
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Remark 2. As we see in the proof the only assumption that we use here is 
the uniform hound on the energy functional. 

Case 2. Mi Converge to Manifold M in M{n,D). 

When the hmit point in A4{n,D) is a manifold, it has the structure of 
a quotient space Y/0{n), where the action of 0{n) on the manifold Y has 
a single orbit type and M has the structure of a smooth manifold with a 
C^'"-regular pair (g,^). We assume first that, 

|V^;R(M,<7.)I <C(/c,n). (13) 

Before we continue, we recall some r esults from |Fuk89) and |Fuk88] in the 
following remark. 

Remark 3. Since Mi converges to M and M is a manifold, from the fiber 
bundle theorem (see |Fuk87j ). we know that there is an ei-isometry, ipi : 
Mi M which is a fiberation. Take an arbitrary point po in M and put 
Pi = ■iP~^{pq). Consider the unit ball B = B{0,1) in Tp.Mi with the metric 
(ji induced by the exponential map. By virtue of assumption il3\). gi will 
converge to some go in the C°° -topology. 

There are local groups Gi converging to a Lie group germ G such that 

1. Gi acts by isometrics on the pointed metric .space {{B,gi),0). 

2. {{B,gi),0)/Gi is isometric to a neighborhood of pi in Mi. 

3. G acts by isometrics on the pointed metric space {{B,gQ),0). 

4. {{B,gQ),0)/G is isometric to a neighborhood of pq in M and the action 
of G is free. 

It follows that there is a neighborhood U of po in M and a C°° map s : 
U ^ B such that 

1- s{po) = 0. 

2. ExPpqOS = Id. 

3- d(^B,go){S{q),0) = dN{q,Po) holds forqeN. 

Therefore there is some p independent of i such that, M = {JjLi^pixjT 
and Bp{xj,M) satisfies the preceding conditions. Also we can construct a 
C°° section Sij : Be^xj, M) — > Mi ofipi, such that 

KfMliM < c (14) 
\v\ 

for each v € TBe^xj, M) and C is a constant independent of i. Hereafter 

we put pij = \lj~^{xj) and by B{pij) we mean a ball centered at pij, with 
radius p in Tp. . Mi . 

Now we show that /jS are almost constant on the fibers of Mi. 
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Lemma 4.3. Let hi : Mi — )■ i{N) he a smooth map on Mi which satisfies the 
Euler- Lagrange equation Suppose Vi G Tp{Mi), satisfies {ipi)*{vi) = 0, 
and v'ijv'i G Tp{Mi) (p G B2p/s{pij, Mi)). Then we have 

\vi-hi\ < Ci ■ ei ■ \vi\ ■ {\\Ahi\\Loo + \\hi\\Loo) (15) 

\\v'i-v'^-hi\\c^ < C2-\vi\-\v'/\-{\\Ahi\\L^ + \\hi\\L^) (16) 

where Ci , C2 and C3 are some constants independent of i dependent on n 
and a. 

Proof. We put = expp^^, : B{pij) Mi and gij = ^ij^gi) and a = 

From the Schauder estimate for elliptic equations we have, 

WhiWci,^ < C ■ (||A/ii|lLoo + \\hi\\L^) (17) 

and hence 

\Wi ■ hijWc < C ■ iWAhiWi^ + \\hi\\L^) (18) 
Also from (jl7p . and the fact that gij converges in C°°, 

\\U{hij){dhij,dhij)\\c^ < C" ■ {\\Ah,\\L^ + 
and so by equation we have 

WAhijWc^ < C" • {\\Ahi\\L^ + \\hi\\L^) 
Using the Schauder estimate for second derivative, we have 

\\hi,j\\c2,o. < C" ■ iWAhiWi^ + \\hi\\L^) (19) 

and since C", C" and C" are independent of i, we have (fT6]) . 

Now we will prove (fT5]) by contradiction. We define a curve P : [0, p/5] — > 
B{pij) by /*(t) = exp^{tvi). From the fiber bundle theorem, we have 

di^ijor{t),p)<e'i. 
for each i and t G [0,p/5]. 

Assume that there is subsequence of hi and a positive number A such that 
\vi ■ hij\ > A ■ (IIA/iillioc. + ||/ij||Loo) 

We know that 

Vi - hi = Vi- hij = ^\t=ohij o r{t). 

There exist /3 > and 6 > independent of i such that for any t < 6, we 
have 

\hij o f{t) - hij{a)\ > (3-t- iWAhiWioo + \\hi\\Loo) (20) 
To explain this, let hij o r(t) = gi j(t). We know from (|19p that 

1:^1 9i,j{t)\ < C(||A/ii||ioo + \\hi\\Loo), 
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SO for some fix 6 and < t < 6 we have 

\9i,j{t) - 9[,,m <C'-t- (||A/i,||l- + \Ml^) 
on the other hand we have 

|5-j(0)| > A • iWAhiWi^ + \\hi\\L^), 
so for (5 small enough and t < 6 we have 

> f3-{\\Ahi\\L^ + ||/li||L-.) 

We also know that 

\gi,j{t) - gi,j{0)\ = WijiOi) • t| > /3 • t • iWAhiWi^ + \\hi\\L^). 

There exist b € B{pij), such that d{a,b) < and <I>jj(/j(s)) = 5, and for 
s < 6 we have 

- hij{a)\ > (3 ■ s ■ {\\Ahi\\Loo + 

If we fix {Ck}k=o ^ coordinate system at the point a € B{pij), for some 
6' we will have 

Y.^>C-(3---{\\Ah,Uo. + \\h,U^) 
k=o ^ 

and this contradicts (1181). □ 



As we assumed ||e(/i)||Loo < c and by the Euler-Lagrange equation we 
have that ||A/i|| /.oc IS uniformly bounded. Moreover, \\f, bounded, 
therefore by the above lemma, the maps /jS are equicontinuous. By Lemma 
14.11 there is a limit map f : M ^ N which is continuous. Now we consider 
the following maps on M, 

/i = X] ■ ° ° ^'^^^ 
j3j is an arbitrary C°° partition of unity associated to BE{xj, M) and Sij is 
the section associated to tpi as mentioned in the remark. 
Along a subsequence which we again denote by /j, we have 

lim fi{sij{x)) = f{x) for x G Bp{xj,M) 

i— >-oo 2 

and also 

lim fi{x) = io f{x) for x € Bp{xj,M) 

We claim that fi weakly converges to i o / in ?^g((M, $ dvol), M'^). The 
energy density of the maps fi and in fact ||e(/i)||ca is uniformly bounded. 
This follows from the fact that the energy density of fi is bounded and also 
Si J satisfies in (jl4p . By Lemma 14.21 there is a subsequence of fi which con- 
verges to a map iof £ T-lg{{M, ^ dvol), M"^). Indeed by above lemma, we have 
||/j||(7i,c« is bounded and again by (fill) , fi converge to iof in the C^-topology. 
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Let {gf , ) be the induced metric and measure on M by the fibration 
map tpi : {Mi,gi) — )• {M,g). Choose a local orthonormal frame {efc}^-^ 
on [M^gf'^). Denote its horizontal lift on {Mi,gi) by {ek}^^i- Suppose 
{et}t'=m+i ^ local orthonormal frame field of fiber submanifold Fi in Mj. 
Thus {ek,et} form a local orthonormal frame field in Mi. We will compute 
the tension field of the map fi in these coordinates. (Note that we didn't 
put the index i for the orthonormal frame fields on {Mi,gi) and {M,g^ ^).) 

T{fi) = {Ve,dfi)ek + {VeM)et 

= iyekdfi)ek + Vf^^[et)fi*{(^t) 
- h.i^e.etf - fi,{Ve,etf 

= {VeJfi)ek-fiMi) + r{fi^) 

where /j"*" denotes the restriction of fi to the fibers Fi, and Hj is the mean 
curvature vector of the submanifold Fi. 

Now we will investigate how each term of the equation above behave as 

f^^f■ 

Lemma 4.4. We have 

lim / (d^((Ve,d/Oe,)(.„(x)),r?(x)) (22) 

= / (A^'io/-5(7r^)(V^(io/),VS(io/)),,?) $dvolM 

JM 

Proof. If we imply composition formula for harmonic maps (see formula 
1.4.1 in |Xin96) ) for the map fi we have 

di{BfiiXi,X2)) = B{i o fi){XuX2) - B{^N){d{i o fi){Xi), d{i o f^){X2)) 
and so 

di{{Ve^dfi)ek) = C^e^dii o fi))ek - B{'KN){d{i o fi){ek),d{i o fi){ek)) 
First we show that 

lim / ((Vf;(i(io/,))efc(.,,(x)),r?(x))^,J^^) (23) 

= lim / {{Vlldm{x),v{x)) f^^) 
= [ {{ASiof,r])-^dYolM 

JM 

for any rj € C°°(M, M'^). We have already proved the second equality. Here- 
after we use / for i o / and the dvol a/, for yp^j^^/'^ . By definition of fi 

{^ekdfi)ek = '^{df3j{ek) ■ dfi{sij^{ek)) 

+ ■ {Vet,d{fi o Sij))efe + A/3j • fi o Sjj) 
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Since fi o Sij converges in to /, we have 

lim I dl3j{ek) ■ d/i(si,j*(efc))| = 

.lim ^ A/3,- • /, o sij{x) = A/3j • f{x) = 
and consequently 

lim / ((V|; (i/i)efc(x)-(Vf;d/,)efc(s„(x)),7?(x)) ^,,(dvoU,J (24) 



k 

M 



= lim / (V /3j ■ {Ve^difi o Sij))ek{x) - {V3^ dfi)ek{sij{x)), r]{x)) Vi*(dvolA/J 
Using the composition formula 

(Vf; d(/iOs„0)efc(x) = [(Vf;^.jg^)d/.)sij,(e-fc)+#.((V| cis„-)efc)](.„-(x)) (25) 

Since ipi : {Mi,gi) {M,gi^^) is a Riemannian submersion then 

9\sij^{ek),Sij^{ei)) = gf{ek,ei) = 5ki 

Sij is an isometry and so the second term in (|25p is equal to zero. Inserting 
this in (IMl) we get 



lim / 5;/3i(x)-([(Vf; ( )Ci/,)5,j,(efc)-(Vf;d/,)efc](s,,,(x)),7?(x)) ^..(dvoW, 
= 

The equality above is true since each term in the right hand side of equation 
is the trace of V^'d/j on the vertical space of the fibers. 
By the same argument we can show 



2— >00 



lim / {B{TTN){d{io fi){ek),d{io fi){ek)){si^j{x)),r]{x)) Tpi^{dYo\M^) (26) 



M 



lim / (i?(vr;v)(Vs'72,Vs"/i),r?) Vi*(dvolMj 
{B{nN){V^iof,VHof),rj) $dvolM 

/ dvoU/, 



so by (|23|) and (|26|) . we conclude that 



lim / (di((Ve,d/.)efc)(s,,,(x)),r?(x)) i;,, -—^ (27) 

: [ (A3io/-B(7rjv)(V3(io/),V^(zo/)),r?) «>dvolM 
Jm 



□ 

Now we will consider the second and third term in the decomposition of 
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Lemma 4.5. With the same assumptions as above, we have 
(a) lim / (d/,(Hf),r?oV'.) ^^^= / (d/(V In $), t?) <I> dvoW (28) 

(6) lim ||r(M)|| =0 (29) 

here denotes the mean curvature vector of the fiber Ff = tp~^{x). 
Proof, (a) To prove equality ()28p . we need the following. 
Sublemma 1. We have 

Vln$(x) = - lim V**(Hn- 

j— >-CXD 

Proof. Suppose X is a smooth vector field on M and Xi its horizontal lift on 
Mj. The flow 91 of Xi, it sends flbers to fibers. According to the definition 
of the mean curvature vector field we have, 



Also 



and by ((30 



^\t=oOi*{dYolF^) = - [ {Xi,il^) dvol 

at J F"" 

i 

vol(C'(^)) 



(30) 



vol(M,) 

dvolM, 



vol(Mi)' 



d^i{X){x) = - [ {X,,R^ 

so for any r/ in C°°(M), 

[ rjdMX)-dvolM = - [ [ r?(x)(X,(y),Hf(y)) ^^^dvolM 
Jm Jm Jfi vol(Mi) 

Taking the limit and by the definition of weak derivatives 

/ r,{x)d^X){x) dvolM = -/ r?(x) lim (X, V',,(Hf )) $(x) dvoU/ 
JM JM 

and finally 

Vln$(x) = - lim Vi*(Hf). 

i— >-oo 

Again by the definition of /j, 

f^/i (2;) = ■ fio Si J (x) 

+ ■ d{fiO sij){x) 

so 

lim / (d/,(^,^(Hf)),7?) ViJ^^) (31) 



□ 



lim / (d/i(^Ai*(Hf)) o^i,??o^i) 
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dvoU/, 



/m/ ^^^^^^^ 
^^'^JaU vol(Mj) 

= lim / (d/.(HnoV.,r?o^,) 



the last equality comes from inequality (fTSj) and the fact that Sij^('i/'i*(H^))- 
is horizontal. By equation ([3T]) . 



lim/ (d/,(Hf),r?o^,).^^^ = - / (4f(VlncI>),7?).ci>dvolM 
■>'^°°JAh vol(Mi) 

(b) We have 
From ([H]) and ([16]) 

\'^.nAet)fiM)\<C-ei (32) 



where C is a constant independent of i. To see this, write fi^,{et) = ^r^^" 
Then 



dx*- 

and (j32|) follows. Again from (fTS]) . we have 

||/i*(Ve,et)^||ioo <C-ei|(Ve,et)^| 
and so we see that 

lim |1t(/,^)|| =0 



□ 



Finally bv (122]). pSj) and (!29]). 

/ (A3/-B(^jv)(V5/,V^/) + d/(Vln$),r?)$dvolM = (33) 
and the proof of Theorem 11.41 with assumption (113p is complete. 
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In the general case, according to the smoothing result of Abresch |BMQR84] . 
we can obtain new metrics gi{e) which satisfy in 

\9i{(^) - 9i\ < o{e) 

|Vj^(,)R(M„9.(e))| < Cik,n,e). 

For small e, let M(e) be the Gromov-Hausdorff limit of some subsequence 
{Mi,gi{e)). By Lemma 2.3 in |Fuk88| . {Mi,gi{e)) and {M{e),g{e)) converge 
to {Mi,gi) and {M,g) in Ai{n, D,v) respectively, fi is a harmonic map on 
{Mi,gi) and 

Therefore if we consider the metric gi{e) on Mj, we see inequalities (llSp and 
()16p in Lemma 14.31 are the same except that in the parentheses we have to 
add an o(e), and thus the results about the convergence of the maps fi and 
equalities ([22]), ([28]) and ([29]) are vahd. We call the limit map /^ Then 

I / (A,(,)r - i?(vr;v)(V^'(^)r, VS(^)r) - dnVln^{e)),ri) ■ <i>(e) dvolM(e) I < o{e) 

JM(e) 

sending e to zero and rewriting the proof of Theorem 11.41 in the first case 
when we have above inequality instead of the Euler-Lagrange equation for 
the sequence of maps, we see that the limiting map / satisfies ([33]) . 
Case 3. M, Converge to Metric Space {X,d) in A4{n,D). 

Now we are going to investigate the general case when the sequence con- 
verges to a singular space. This means that € Ai{n,D) converges to 
some metric space {X,d). First we recall the following remarks. 

Remark 4. |Bes08j Let {M,g) be a Riemannian manifold and G a closed 
subgroup of isometries of M . Assume that the projection vr : M — )> M/G is a 
smooth submersion. Then there exist one and only one Riemannian metric 
g on B = M/G such that n is a Riemannian submersion. 
We recall that using the general theory of slices for the action of a group of 
isometries on a manifold, one may show that there always exists an open 
dense submanifold U of M (the union of the principle orbits), such that the 
restriction tt\ij : U — ?• U/G is a smooth submersion. 

Considering now M/G as a Riemannian polyhedron and fig as its Riemann- 
ian volume, the restriction of fig on U/G is equal to dvol^/^ = dYol^^gf^^y 

Remark 5 ( |Fuk89| . §3). We may assume that FMi converges to {Y, g, <I>y • 
dvoly) with respect to the 0{n)-measured Hausdorff topology. Moreover, 
since VTj : F{Mi) — )> M,, is a Riemannian submersion with totally geo- 
desic fibres and since the fibres are isometric to each other, it follows that 
{F Mi, dvolp Mi) /0{n) = (Mj,dvolMi)- Hence by equivariant Gromov Haus- 
dorff convergence Mi converges to {X,u) = (Y", $y dvoly )/0(n) (see Lemma 
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3.12 in |Fuk89| ) and by Remark gp 

u{S{X)) = 

and for all x we have 

where tt -.Y ^ X is the natural projection. For each open set U 



u{U) = / '^xix) dvolx-s(x) 
Ju 



If we denote the set of all points for which the isotropy group is not finite 
by S{X), then 

S{X) = {xe X\^x{x) = 0}. 

Remark 6 ( |Fuk89j . §7). Let Y be a Riemannian manifold on which 0{n) 
acts as isometrics, and c : Y ^ [0, oo) be an 0{n) -invariant smooth func- 
tion. Put X = Y/0{n). Let tt : Y X be the natural projection, 
c : X — )• [0, cxj) the function induced from c, and S{X) the set of all singular 
points of X. Put 

Lip(X, S{X)) = {u € Lip(X) I V ■ u = Q if v is perpendicular to S{X)}. 

Define Qi : Lip(y) xLip(y) ^ [0,oo) andQi : Lip(X, xLip(X, 5(X)) - 

[0, 1) by 



Qi{g,h) = [ c-{Vg,Vh) dvoly 
Jy 

Q2ig,h) = c- {Vg,Vh) fig 
Jx 



R is easy to see that / o vr G Lip(y) for each f contained in Lip(X, S{X)). 
Define vr* : Lip(X, S'(X)) — Lip(y) by 7r*(/) = /ott. Let LipQ(„)(y) be the 
set of all 0{n)- invariant elements o/Lip(y). Then, we can easily prove the 
following: 

Lemma 4.6. vr* is a bijection between Lip{X,S{X)) and LipQ(^-)(y). For 
elements f , g o/ Lip(X, S'(X)), we have 

Qi{f,g) = Q2(vr*(/),7r*(c/)), 

/ c-7r*(/)7r*(c/) dvoly = c-fgfXg. 

JY Jx 

The frame bundle VTj : F{Mi) — > Afj is Riemannian submersion with to- 
tally geodesic fibres. So using the reduction formula, the map f i = /i o vTj is 
harmonic on F[Mi) and it is invariant under the action of 0{n). Further- 
more ||e(/j)||oo is bounded (vTj is a Riemannian submersion). Using Theorem 
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11.41 fi will converge to some map / on {Y, g, <&y dvoly). The map / satisfies 



m 



Y 



{ Ag{i o f) - B{-KN){y'{i o /), V3{i o /)) (34) 



+d{i o /)(Vln^>y) , rj ) $y dvoly = 0, 

where r/ is in C°°. The map / is also 0{n) invariant and continuous. Con- 
sider the quotient map / such that / = / o vr. First we show that / is in 
'Hlg^{{X , u) , N) , or to be precise i o / is in 'H]^^{X,u). By Theorem 11.41 / 
is in T-i]^^{{Y, $y dvoly), N) (In fact / is in C^) and so by Lemma HTUl / is 
locally of finite energy. 

Now, we show that / is weakly harmonic on (X, u). By Lemma [4. 61 we have 

/ {l\g{i o /), r?) • $y dvoly = / (A(i o f),-K{r])) dvolx ■ 
Jy Jx 



Y 



X 



(5(7r;v)(Vf(io/),Vf(io/)),r?) $y dvoly = 

{B{7rx){V{i o /), V(i o /)), ^(77)) dvolx 
and since $y = vr*(<I>x) 

/ {d{i o f){V In ^Y),'n) <I>ydvoly= / (d(f o /)(V In ^x), vr(7?)) <I>x dvolx 

JY Jx 

which shows that f : X ^ N is a, weakly harmonic map. 



5. Appendix 

In this section we give the sketch of the proof of Theorem ll.2[ First using 
the same method of the proof of the Bochner type formula for harmonic 
maps we have, 

Proposition 5.1. Let u G C°(M x [0,r),A^) n C°°(M x (0,T),iV) be a 
solution to the equation ^3^ and let Ut{x) = u{x,t). We have in M x (0,T), 

(a) Weitzenhock formula for e{ut): 

+ {R^{ut^{ei),ut^{ej))ut^ei,ut^ej) - {ut^{RiCooei),ut^ei) (35) 

(b) Weitzenhock formula for k[ut) : 

= ^k{ut) - I^^P + {R^ {uu{ei),uu{ej))uuei,uuej) (36) 
where k{ut) = ||^|^- 
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Theorem 5.2 (Existence of time-dependent local solutions). Let {AI,g,^) 
be a compact smooth metric measure space and (N, h) be compact Riemann- 
ian manifold. For a given map f G C^'"(M, A^), there exist a positive number 
T = T{M,N,<^,f,a) > andu G C2+"'1+"/2(m x [0,T),N) n C~(M x 
(0,r), A^) such that 

^{x,t) = T{u{x,t))+du{Vln{<^>)) (x,t) G M X (0,r) ^^^^ 



uix,0) = f{x). 

For the definition of C2+"'i+"/2(M x [0,r)) we refer the reader to the 
page 135 of the book |Nisn2j . 



Proof. To prove this theorem, we reduce equation (j37p to a system of para- 
bolic differential equation for vector valued functions. Let i be an isometric 
embedding of M into an Euclidean space M^, for q large enough. Let be 
a tubular neighborhood of N 

N = {{x, V)\x G i{N),v G TJ{N)^, \v\ < e}, 

for sufficiently small e. For u : M x [0,T) ^ N , we consider the following 
initial value problem. 

^ = Au{x, t) - n{u) {du, du) (x, t) G M X (0, T) , . 

u{x,0) = io f{x). ^ ' 

(see formula Q, for the definition of Il{u){du,du).) One can prove that if 
u is the solution to the equation ([38]) and u{M x [0,T)) C i{N) holds, then 
ti is a solution to the equation (j38p . The converse also holds true. 

The proof of existence of a time-dependent local solution (Theorem 4.7 in 
[Nis02j ) is based on three steps. We explain why each step works in our sit- 
uation. The proof uses the inverse function theorem in Banach spaces. The 
idea of the inverse function theorem is to reduce solvability of a nonlinear 
differential equation to solvability of a linearized equation. 

Step 1. (Construction of an approximate solution). By identifying / with 
i o /, we consider the following system of linear parabolic equation: 

If = A^;(x, t) - n(/)(d/, df) (x, t) G M X (0, 1) 
<x,0) =/(x). 

By the assumptions on /, there is unique solution v in C^"'""'^^"/^(M x 
[0,1], M-?). 

Step 2. (Application of the inverse function theorem). Consider the fol- 
lowing differential operator on C^+°'i+"/2(M x [0, e). A?"): 

P{u) = Am — dtu — Il{u){du, du) 

for some < a < 1. We define the (Banach) subspaces X and Y in 
C2+"'i+°/2(M X [0,r),Af) and C"'°/2(M x [Q,T),N) respectively(see page 
138 for the exact definition). For a given z G X if we set 

V{z) = P{v + z) - P{v), 
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then V is a map from X into Y and 7-'(0) =0. "P is Ferechet differentiable in a 
neighborhood of and 'P'(O) is an isomorphism and so V is homeomorphism 
in a neighborhood of 0. Therefore there exist small 5 = S{M, N, f) > such 
that for A; in y with < 6, there exists unique z in X such that 

Viz) = k, z{x, 0) = 0, and dtz{x, 0) = 

Set P{v) = w, u = V + z satisfies 

P{u){x,t) = {w + k){x,t) {x,t) G M X (0,1) 
u{x,0) = f{x) 

Step 3. With appropriate choice of a function : M — ?> M (page 139 in 
[Nis02j ). and setting k = —Cw, for sufficiently small T there exist some u 
(constructed as in step 2) which satisfies in equation (i38]l . □ 

Theorem 5.3 (Existence of time-dependent global solutions). Let {M, g, $) 

be a compact smooth metric measure space and {N, h) a compact Riemann- 
ian manifold with non-positive sectional curvature. For a given map f G 
C2'°(M,iV), there exists a unique ue C2+"'i+"/2(M x [0, oo), A^) nC°°(M x 
(0,00), A^) such that 

^{x,t) = T{u{x,t)) + du{Vln{<l>)) (x,t) € M X (0,00) , . 
u{x,0) = f{x). ^""^^ 

Proof. The following propositions are the main steps in the proof of this 
theorem. We should mention that the techniques used for the proofs of these 
two propositions related to operator A, such as the maximum principle for 
elliptic and linear parabolic equation, their solutions and their heat kernels 
are valid in our setting. These properties have been completely studied in 
the book |Gri09j in chapters 4 — 7. 

Proposition 5.4. Let u G C'^''^{M x [0,T),N) n C°°(Af x {0,T),N) be a 
solution to the equation (31) and let ut{x) = u{x,t). Assume N has non- 

positive curvature and Ric > —eg for a constant c R. Let < e < T. 
Then the following holds for the energy density e{u) of u: 

(a) e{ut){x) < e2=* sup e(/)(x) {x,t) e M x [e,T), 

(b) eiut){x) < CiM, e)E^{f) (x, t) G M x [e, T). 
C{M, e) is a constant depending only on M and e 

Proposition 5.5. Let u G C^^^iM x [0,T),N) n C°°{M x {0,T),N) be a 
solution to the equation ( f37| ). If N is of non-positive curvature, then for any 
< a < 1, there exists a positive number C = C{M, N, ^, /, a) such that 

du 

k(-,i)lc2+-(M,7V) + \-Q^\c''{M,N) - ^ ('^O) 



at any t G [0, T) . 
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The proof of the existence of a time-dependant global solution follows 
from inequality ()40p and a contradiction argument. The uniqueness comes 
from the maximum principle for parabolic equations. □ 

Finally we verify that u as a solution to the equation ()39p converges to a 
harmonic map which is free homotopic to /. Let {t,} be a sequence of times 
which tends to infinity. By inequality ([l0|) . the sequences u{.,ti) and dtu{.,ti) 
converge uniformly to Uoo and dtUoo- In view of equation (j36l) . dtUoo = 
and so Uoo is a harmonic map which is free homotopic to f{x) = u{x,0). 
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